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STATEMENT  OF  PROBLEM 

The  basic  objective  of  this  research  was  the  development  of  modal  analysis 
methodologies  for  non-linear  large-scale  structural  systems,  resulting  in  the  systematic 
generation  of  optimal  reduced-order  models  for  vibration  response  prediction,  attendant 
reliability  assessment,  and  high  fidelity  simulation  of  mechanical  structures,  such  as 
ground  vehicle  and  rotorcraft  structures.  The  importance  of  the  subject  stems  from  the 
fact  that  a  traditional  linear  modal  analysis  of  a  nonlinear  structure  yields  undesirably 
large  models,  because  of  the  two-way  exchange  of  energy,  or  contamination,  between 
sets  of  modes.  Contamination  is  caused  by  nonremovable  coupling  among  the  linear 
modes  through  the  nonlinearities,  resulting  in  deteriorated  modal  convergence.  In  the 
nonlinear  modal  analysis  developed  in  this  project,  contamination  between  modeled  and 
unmodeled  modes  was  automatically  eliminated,  thereby  allowing  one  to  construct  the 
smallest  possible,  uncontaminated  reduced-order  model  to  characterize  the  complex 
dynamic  behavior  of  nonlinear  structures  to  a  prescribed  accuracy.  Removal  of  modal 
contamination  was  achieved  by  choosing  the  trial  functions  to  be  the  nonlinear  normal 
modes  of  the  structure,  rather  than  the  linear  ones.  At  the  heart  of  this  methodology  is  the 
novel  definition  of  nonlinear  normal  modes  as  invariant  motions  for  the  nonlinear  system, 
henceforth  inherently  embedding  the  effects  of  nonlinearities  in  them  and  allowing  one  to 
eliminate  precisely  those  nonlinear  coupling  terms  that  cause  unwanted  exchange  of 
energy  between  modeled  and  unmodeled  modes. 
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SUMMARY  OF  MOST  IMPORTANT  RESULTS 

During  the  past  grant  years,  major  theoretical  advances  were  made  on  the  fundamentals 
of  modal  analysis  for  nonlinear  systems.  Novel  constructive  methodologies  were 
formulated  and  validated  for  single-  and  multi-mode  motions  of  nonlinear  systems. 
Exact  optimal  reduced-order  models  were  developed  for  free  response  nonlinear  modal 
analysis,  and  approximate  ones  were  proposed  for  the  forced  response  case.  All  these 
methods  share  a  common  foundation,  namely  the  groundbreaking  definition,  by  the 
principal  investigators  (Pis),  of  nonlinear  modes  of  vibration  in  terms  of  invariant 
manifolds  in  the  system’s  phase  space. 

Research  during  the  grant  years  proceeded  along  four  principal  lines:  (1)  the  construction 
of  individually  invariant  nonlinear  normal  modes  for  discrete,  continuous,  damped,  and 
gyroscopic  structural  systems,  (2)  the  generation  of  multi-nonlinear  mode  reduced-order 
models  for  general  free  motions,  (3)  the  development  of  approximate  nonlinear  modal 
analysis  and  associated  reduced-order  model  reduction  procedures  for  forced  response 
problems  and  systems  with  damping,  and  (4)  the  application  of  the  definition  of  normal 
modes  in  terms  of  invariant  manifolds  to  the  special  case  of  linear  systems.  The  main 
results  obtained  are  described  below. 

Individually  Invariant  Normal  Modes 

Nonlinear  normal  modes  were  defined  in  terms  of  invariant  manifolds,  and  a  constructive 
technique  for  obtaining  local  approximations  of  them  in  terms  of  asymptotic  series  was 
developed  for  both  discretized  and  continuous  systems.  The  nonlinear  differential 
equation  governing  the  dynamics  of  the  system  undergoing  a  normal  mode  motion  was 
derived,  and  was  shown  to  be  at  a  higher  level  of  approximation  than  the  invariant 
manifold  itself.  It  was  also  found  that  the  equations  for  the  coefficients  of  the  nonlinear 
modes  are  linear,  making  the  procedure  quite  practical  for  large-scale  systems  and 
attractive  for  implementation  in  computational  structural  dynamics  codes.  The 
invariance  properties  of  the  individual  nonlinear  modes  were  verified  by  numerical 
simulation  on  several  study  cases.  An  illustration  of  an  individual  nonlinear  normal 
mode  is  given  in  Fig.  1.  The  results  of  this  study  were  presented  in  a  series  of  papers 
published  in  the  Journal  of  Sound  and  Vibration ,  Nonlinear  Dynamics ,  and  other  refereed 
journals  [1-9]. 

Multi-Nonlinear  Mode  Reduced-Order  Models 

Multi-nonlinear  mode  reduced-order  models  were  constructed  for  general  free  motions. 
These  higher-dimensional  invariant  manifolds  were  shown  to  capture  all  interactions 
between  the  modeled  modes,  while  preventing  contamination  from  the  unmodeled  ones. 
Multi-mode  models  represent  the  minimal  set  of  equations  necessary  to  describe 
completely  the  motion  of  the  system  at  a  given  order  of  approximation.  Results  indicate 
that  nonlinear  modal  analysis  based  on  invariant  manifold  models  requires  many  fewer 
modes  than  standard  linear  modal  analysis  to  achieve  a  desired  accuracy,  and  hence  may 
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yield  considerable  computational  savings.  Figure  2  provides  an  illustration  of  this 
finding.  Also,  it  was  shown  that  the  accuracy  of  the  dynamics  of  multi-mode  reduced- 
order  models  can  be  increased  by  increasing  the  order  of  the  approximation  of  the 
invariant  manifolds  rather  than  by  adding  modes  to  the  model,  that  is,  rather  than  by 
increasing  the  number  of  simulated  equations,  as  is  typically  done  in  linear  modal 
analysis.  The  results  obtained  from  the  study  of  multi-mode  manifolds  were  published  in 
references  [10]  and  [11].  (Further  journal  publications  on  this  topic  are  forthcoming, 
based  on  the  results  given  in  [10].) 

Systems  with  Internal  Resonances 

The  nonlinear  modal  .analysis  developed  places  no  restrictions  on  the  possible 
interactions  between  the  resulting  coupled,  non-linear  modal  oscillators  and,  as  such,  was 
shown  to  be  perfectly  suited  for  systems  featuring  internal  resonances.  These  are 
systematically  accounted  for  by  the  procedure,  such  that  when  a  legitimate  set  of 
nonlinear  modes  has  been  modeled  (i.e.,  no  internally  resonant  mode  has  been 
overlooked  up  to  the  order  considered),  the  internal  resonances  are  “transparent”  and 
automatically  accounted  for  without  further  work.  Furthermore,  if  some  modeled 
nonlinear  modes  are  internally  resonant  with  a  non-modeled  mode,  the  procedure 
automatically  detects  the  anomaly  with  a  singularity  which  actually  exhibits  the  missing 
mode  explicitly.  This  is  obviously  not  the  case  for  traditional  models  obtained  by 
projecting  the  nonlinear  equations  onto  the  linear  modes,  and  results  have  shown  that 
these  models  may  yield  quite  erroneous  simulation  results  when  a  seemingly 
unimportant,  higher  frequency  resonant  mode  is  excluded  from  them.  A  technical  note 
was  published  on  this  subject  in  the  Journal  of  Sound  and  Vibration  [12]. 
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Ad  Hoc  Nonlinear  Modal  Analysis  for  Forced  Response 

A  nonlinear  modal  analysis  and  associated  model  reduction  procedure  were  developed 
for  forced  motions  of  nonlinear  systems  subject  to  external  excitations  of  small 
amplitudes.  The  reduced-order  models  are  based  upon  the  modal  manifolds  defined  for 
the  autonomous  system  and,  thus,  become  only  approximately  invariant  upon  the 
introduction  of  small  amplitude  forcing.  Nevertheless,  this  ad  hoc  formulation  was 
shown  to  eliminate  most  of  the  contamination  of  and  from  the  modes  not  included  in  the 
reduced-order  model,  and  thus  to  capture  all  the  important  effects  of  the  external 
excitation  and  of  the  internal  nonlinear  coupling.  Results  obtained  for  a  study  case 
indicate  that  this  forced  nonlinear  modal  analysis  can  provide  significant  improvements, 
in  terms  of  model  reduction,  over  the  traditional  linear  modal  analysis  of  the  nonlinear 
system,  in  particular  when  non-negligible  nonlinear  modal  coupling  terms  are  present. 
This  is  illustrated  in  Fig.  3.  The  ability  to  perform  a  nonlinear  modal  analysis  based  on 
only  a  few  nonlinear  modes  is  very  similar  in  spirit  to  the  techniques  existing  for  the 
analysis  of  large-scale  linear  systems,  therefore  effectively  extending  the  realm  of  “modal 
analysis”  to  nonlinear  systems.  The  results  of  the  forced  response  study  were  written  up 
in  references  [10]  and  [13].  (Further  journal  publications  on  this  topic  are  forthcoming, 
based  on  the  results  given  in  [10].) 

Invariant  Forced  Response  Models 

The  free  response  methodology  was  extended  to  include  arbitrary  external  excitation  in 
an  invariant  manner.  This  was  achieved  by  modeling  the  excitation  as  the  output  of  an 
auxiliary  linear  system,  with  which  the  structural  dynamic  model  is  augmented,  resulting 
in  invariant  manifolds  that  are  time-dependent.  This  extension  allows  for  the 
consideration  of  quite  generalized  excitation  terms,  including  transient  forcing,  while 
maintaining  invariance  properties.  Also,  this  allows  one  to  formulate  the  problem  in  an 
exactly  invariant  manner  for  the  important  case  of  harmonic  excitation,  by  adding  a 
simple,  two-state  model  for  the  forcing  dynamics. 

Modal  Manifolds  for  Damped  systems 

While  the  invariant  manifold  procedures  are  very  general  in  nature  and  can  be  applied 
systematically  to  gyroscopic,  non-conservative  systems,  the  determination  of  the  multi- 
mode  manifolds  is  typically  easier  for  undamped  systems  than  for  damped  ones. 
Consequently,  it  proved  beneficial  to  treat  the  modal  manifolds  of  a  weakly  damped 
system  as  perturbations  of  those  of  its  undamped  counterpart.  For  the  particular  case  of 
proportional  linear  damping,  an  even  simpler  approximation  consists  of  applying  the 
proportional  damping  directly  to  the  non-linear  modal  oscillators  of  the  undamped 
system.  These  approximations  were  developed,  and  were  found  to  facilitate  greatly  the 
generation  of  the  reduced-order  models  for  modal  analysis  [10,  13].  Again,  these 
approximations  are  very  much  in  the  spirit  of  current  techniques  for  lightly  damped  large- 
scale  linear  systems.  (Further  journal  publications  on  this  topic  are  forthcoming,  based 
on  the  results  given  in  [10].) 
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The  concept  of  invariant  manifolds  was  applied  successfully  to  linear,  structural, 
oscillatory  systems.  For  both  discrete  and  continuous  systems,  proofs  of  the  equivalence 
of  the  normal  modes  thus  obtained  were  provided  by  exhibiting  explicit  transformation 
relations  with  the  traditional  normal  modes.  Orthogonality  relations  were  derived 
between  the  normal  modes  obtained  by  the  invariant  manifold  approach,  which  in  turn 
allow  one  to  perform  a  modal  analysis  equivalent  to  the  traditional  modal  analysis.  The 
invariant  manifold  formulation  of  the  modes  provides  a  physically  insightful,  alternate 
perspective  to  the  traditional  definition  of  normal  modes  as  solutions  of  an  eigenvalue 
problem.  (A  full  publication  on  this  topic  is  forthcoming,  based  on  the  results  given  in 
[10].) 

Computational  Implementation 

Preliminary  work  was  initiated  on  the  generation  of  a  general  computer  code  for  making 
the  method  useful  for  a  wide  class  of  problems.  This  program  will  allow  for  the 
construction  of  the  normal  modes,  via  the  appropriate  coefficients,  from  a  set  of  nonlinear 
system  equations  with  forcing.  It  will  be  limited  to  systems  with  quadratic  and  cubic 
stiffness  nonlinearities. 

The  research  carried  out  during  these  grant  years  paves  the  way  for  future  studies  of 
nonlinear  modal  analysis.  Most  notably,  research  to  date  has  laid  a  convincing 
theoretical  foundation  for  nonlinear  modal  analysis  and  demonstrated  the  feasibility  of 
the  approach  for  large-scale  structural  systems,  in  particular  through  the  development  of  a 
preliminary  code  for  systematic  invariant  manifold  generation.  It  has  thus  provided  a 
crucial  link  in  the  path  to  the  ultimate  aim:  incorporation  of  the  methodology  into 
commercial  structural  dynamics  codes  and  simulation  environments. 
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